In addition to magnetic field and electric charge noise adversely affecting spin qubit operations, performing single-qubit gates on one of multiple coupled singlet-triplet qubits presents a new challenge-crosstalk, which is inevitable (and must be minimized) in any multiqubit quantum computing architecture. We develop a set of dynamically-corrected pulse sequences that are designed to cancel the effects of both types of noise (i.e., field and charge) as well as crosstalk to leading order, and provide parameters for these corrected sequences for all 24 of the single-qubit Clifford gates. We then provide an estimate of the error as a function of the noise and capacitive coupling to compare the fidelity of our corrected gates to their uncorrected versions. Dynamical error correction protocols presented in this work are important for the next generation of singlet-triplet qubit devices where coupling among many qubits will become relevant.
I. INTRODUCTION
Correcting for error in operations on qubits is of utmost importance to building a working quantum computer. The fact that quantum error correction is possible is what started the whole world-wide effort in trying to build a practical quantum computer. Operations on qubits require very high precision and accuracy; in fact, a fidelity of at least 99% is required to implement error correction using surface codes 1 . Other error correction techniques require an even higher fidelity of 99.99%. Several different platforms for realizing qubits exist, but our focus in this work will be on electronic spins in semiconductor quantum dots. Several different types of semiconductor quantum dot electron spin qubits exist, such as the single-spin exchange qubit [2] [3] [4] [5] [6] [7] [8] [9] , the singlet-triplet twoelectron double-dot qubit [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] , the exchange-only threeelectron triple-dot qubit [20] [21] [22] [23] [24] , and the "hybrid" threeelectron double-dot qubit [25] [26] [27] . The semiconductor spin qubit platform has the advantages of being compatible with the existing semiconductor electronics industry as well as the ability to perform gates more quickly (using fast electrical pulses) than other platforms, such as superconducting and ion trap qubits. Other perceived advantages of semiconductor spin qubits include the scalability inherent in semiconductors and the relatively long spin relaxation times in solids. However, noise-induced error has been a formidable challenge adversely affecting experimental progress in spin qubits. Fortunately, considerable progress has been achieved recently, with singlequbit gate fidelities of 99% and two-qubit gate fidelities of 90% having been reported in singlet-triplet double-dot qubits 28 . Several methods for reducing error have been developed for these platforms. Methods such as isotopic purification in Si and polarization of nuclei in GaAs reduce noise at the materials level simply by eliminating the sources of field noise. Other methods instead combat the effects of noise through pulse control techniques such as dynamical decoupling, Bayesian estimation of parameters, and designing dynamically corrected pulse sequences that partially cancel the effects of noise 17, [29] [30] [31] [32] [33] . The goal is to sufficiently reduce both one-and two-qubit gate errors in the physical qubits so that surface code architectures become feasible, eventually leading to quantum error corrections producing logical qubits.
In spite of enormous progress over the last 5-10 years, the experimental situation in semiconductor spin qubits is still somewhat discouraging compared with superconducting and ion trap qubits since reasonable two-qubit gate operations have only been demonstrated in singlettriplet qubits in GaAs with the fidelity improving from 15 
70% to
28 90% over the 2012-2017 five-year period. Although single-qubit fidelity approaching or even exceeding 99% has been reported for both single spin and singlet-triplet qubits, these experiments are not carried out in multiqubit platforms and, therefore, one does not know the limiting single-qubit fidelity in circuits where multiple qubits are being operated. Given that the most advanced gate operations by far have happened so far only in the singlet-triplet spin qubits, our focus in this work is entirely on this system. The specific issue we address is the mitigation of crosstalk errors where the quantum computing platform consists of many singlettriplet qubits with single-qubit gate operations going on simultaneously in many of them, as would eventually be necessary for any meaningful quantum information processing task.
There has been considerable work on error correction techniques in semiconductor quantum dot systems. For the single-electron exchange qubit, NMR-inspired decoupling techniques such as the Carr-Purcell-Meiboom-Gill (CPMG) technique, a generalization of the Hahn echo technique [34] [35] [36] , exist. Unfortunately, these techniques cannot be applied to singlet-triplet qubits, which are the focus of this work. These generalized spin-echo-type protocols for restoring quantum coherence require one to be able to apply, for example, a π rotation pulse and then later apply a −π rotation pulse about the same axis, which cannot be done in existing experimental singlettriplet systems. To see why, we consider the effective Hamiltonian for a singlet-triplet qubit within the logical subspace, which is H = J(t)Z + hX,
where J(t) is the exchange coupling, h is the magnetic field difference between the two qubits, and X and Z are the Pauli matrices. The magnetic field difference is realized using a micromagnet or by polarizing the nuclei (if possible). This difference may in principle also be realized by electrically tuning the effective g factors in the quantum dots [37] [38] [39] , but this technique has not been used in any singlet-triplet qubit experiment to date. It is very difficult to control this field difference quickly in the actual experiments, and thus it is held constant. This means that all control is achieved by electrically tuning the exchange coupling, either by tilting the dot potential or by changing the height of the potential barrier between them so that the wave function overlap is modified. Furthermore, at least in the presence of just two electrons, it is very difficult to make the exchange coupling negative. We should note, however, that it can be made negative in a sufficiently strong magnetic field or in the presence of more than two electrons [40] [41] [42] , though the presence of these additional electrons enlarges the total Hilbert space of the system, creating a new set of challenges such as leakage errors. All of this means that we cannot apply the time-reversed version of a given pulse or pulse sequence in a singlet-triplet qubit. We must therefore seek other methods for error correction through dynamical decoupling.
There have been several papers proposing dynamically corrected pulse sequences for performing single-qubit singlet-triplet gates. Three papers have been written using the supcode technique, one for the case in which only (electrical) charge noise is present 43 and two others in which (magnetic) field noise is also included 44, 45 . This method, which we will be employing a generalization of in this work, consists of inserting an uncorrected "identity" operation into the pulse sequence for a given gate that is arranged in such a way as to cancel the noise-induced error to leading order. These works consider sequences of square pulses; another work 46 considers the case with only field noise and proposes smooth pulses that cancel noise-induced error to arbitrary orders. In relation to two-qubit operations, the problem of the dynamics of two coupled singlet-triplet qubits under the influence of noise has been investigated 47 , and a recent paper discusses the fidelity for realizing a maximally-entangled state from a tensor-product state 48 . Dynamical error correction has also been investigated for controlled-NOT (CNOT) gates, first to a limited extent in Ref. 44 and then in more detail in Ref. 49 . While correcting for noise-induced error is important, it is not the only issue that needs to be addressed in the context of practical quantum information processing. At least one two-qubit entangling operation, along with the ability to perform arbitrary single-qubit gates, is necessary to achieve universal quantum computation. Thus, one must consider also the coupling among the singlet-triplet qubits.
Unfortunately, the couplings between qubits required to perform two-qubit operations also adversely affect single-qubit operations via crosstalk. However, as discussed later, the strength of the capacitive coupling is proportional to the value of the exchange couplings J for each qubit, so one could set J for the neighboring qubit to zero while performing the single-qubit gate to counter this problem. Unfortunately, this poses two problems. First, there are experimental limitations in setting J to exactly zero, and thus some small crosstalk would still persist. Secondly, a dynamical pulse sequence is required even for qubits on which no gates are performed to maintain coherence. Therefore, in order to be compatible with a large-scale architecture, it is necessary to address the system as a whole, which is in fact the subject of this work. Our dynamical decoupling sequence for correcting crosstalk errors (along with field and charge noise) is not an essential ingredient for the currently ongoing experiments where one has at best only two qubits coupled with each other. But, this is of course a very primitive state of affairs as far as quantum computing goes. Eventually, the platform must consist of many coupled qubits with substantial crosstalk among them. Our work will become an important ingredient when both single-and multiqubit gate operations are being carried out in quantum computing platforms with many coupled singlet-triplet qubits. Our work is also relevant to a system containing only two singlet-triplet qubits where the exchange coupling within the qubit cannot simply be tuned to zero while turning on the two-qubit capacitive coupling.
We will be considering here two capacitively coupled singlet-triplet qubits. This form of coupling, which is used extensively for inter-qubit coupling in singlet-triplet qubits 15, 28 , is simpler to treat than a Heisenberg exchange coupling, since capacitive coupling, as we will see, cannot cause leakage out of the logical subspace. We also assume that the field and charge noise in our system is quasistatic. As noted earlier, our approach to dynamical error correction is a generalization of the supcode approach of Refs. 44 and 45 and, like this approach, the overall idea is to insert an uncorrected "identity" operation into the pulse sequence for a given gate that is arranged in such a way as to cancel both noise-and crosstalk-induced error to leading order. We begin by deriving expressions giving the noise-and crosstalk-induced error to leading order for a single pulse (i.e., all Hamiltonian parameters held constant). From this, we show how to derive the error for a general, multi-pulse, sequence. Our error correction procedure consists of first applying our "naïve" pulse sequence for a given gate to the qubits, and then following that with an uncorrected "identity" with its parameters arranged in such a way as to cancel both noise-and crosstalk-induced errors. This "identity" consists of a set of "blocks" of pulse sequences such that one qubit is subject to a single pulse and the other is subject to two pulses with a combined duration equal to that of the single pulse; we adopt such a form for mathematical simplicity. We then determine the parameters needed to make the sum of the errors from the "naïve" sequence and the "identity" zero. We present the parameters that we extract from this procedure for all 24 Clifford gates and present an example, a rotation by π about theˆ x +ˆ y axis. Overall, the resulting pulse sequences consist of more "blocks" (up to nine) than those used to correct only noise-induced error for a single qubit in isolation. The presence of crosstalk also forces us to propose sequences that never set the exchange couplings to their maximum experimentally possible values. This is because the capacitive coupling strength is proportional to the exchange couplings, and thus large exchange couplings will result in more crosstalk. We then, as an important check, demonstrate that these proposed error-corrected sequences do, in fact, cancel noise-and crosstalk-induced errors to leading order.
The rest of the paper is organized as follows. In Sec. II, we present our model and derive the formulas for the noise-and crosstalk-induced error to first order. Section III details our dynamical error correction scheme, presents the mathematical form of the corrected pulse sequences in terms of a set of numerical parameters, and demonstrates that our correction scheme does in fact cancel the leading-order noise-and crosstalk-induced error. We give our conclusions in Sec. IV, and provide the specific numerical values of the parameters for the dynamically-corrected pulse sequences implementing the Clifford gates in Appendix A. We also provide in Appendix B the dynamical decoupling pulse sequences for a different model of the inter-qubit coupling, where the coupling is independent of the intra-qubit exchange energy. (|↑↓ − |↓↑ ). Single-qubit control is obtained by applying a magnetic field gradient h across the two quantum dots and by varying the strength of the exchange interaction J, yielding the single-qubit Hamiltonian H = hX + JZ, where X and Z are Pauli matrices in the logical basis. However, due to physical limitations of the system, these parameters incur several constraints. First, the time scale on which the magnetic field gradient can be varied is much longer than the time needed to vary the exchange coupling, so, in practice, h is held constant. Second, the strength of the exchange interaction J must be positive and, in general, bounded between some values j min and j max . Thus, axes of rotation are limited to the first quadrant of the xz plane.
We consider a system of two such ST qubits with a large enough potential barrier that there is no exchange interaction between the two separate qubits, but close enough that a capacitive inter-qubit coupling of strength J 12 is present between them. This coupling arises from the difference in charge distributions between the two quantum dots of a ST qubit. When a ST qubit is in the singlet state |1 , the charge distribution between the two quantum dots is asymmetric, producing a dipole moment. If instead the qubit is in the triplet state |0 , the charge distribution is symmetric, so no dipole moment is present. The Hamiltonian thus includes a dipole-dipole interaction which contributes only when both qubits are in the singlet state 15 . The strength of this coupling term is proportional to both J 1 and J 2 , and we will set the proportionality constant ε. Thus, for a system of two capacitively coupled singlet-triplet qubits we have the following Hamiltonian:
While the capacitive coupling term of the above Hamiltonian has often been quoted as an experimentallyestablished fact, and not derived from any model, it is possible to put it on a more rigorous footing as follows. 
with
The c kσ operators annihilate an electron in dot k with spin σ, n kσ = c † kσ c kσ is the number of electrons of spin σ in dot k, and n k = σ n kσ . Throughout, we will assume that U, U t. We can write the dipole moment as d = 
By the Feynman-Hellmann theorem, we find that the expectation value of this dipole moment operator is just
where E is the (expectation value of the) energy of the system. The derivative of this energy will be zero in the triplet state, since the Pauli exclusion principle would forbid both electrons from occupying the same dot, even if 1 = 2 . Therefore, only the singlet state will have a dipole moment. However, in this case, the energy difference between the singlet and triplet states just gives the exchange coupling J, so that the expectation value of the dipole moment in the singlet state is just
and is zero in the triplet state. 
For
and therefore
There will be corrections to this formula, but these will be small, as they are proportional to powers of |∆ | U −U . Experimental data on noise in the system imply that ∂J ∂ ∝ J, so it seems that, at least in experimental systems, this approximation works very well qualitatively.
Finally, to obtain the interaction term for two doubledot systems, we may approximate it using the classical dipole-dipole interaction potential,
where r is the vector pointing from one dipole to the other. We can already see from our previous result simply by substituting in the expectation values of the dipole moments of the double dots that this will be proportional to J 1 J 2 when both double dots are in the singlet state, with the proportionality factor being determined by the relative position and orientation of the double dots, and zero otherwise, thus establishing the capacitive coupling term given in Eq. (2). We should note that arriving at these expressions required a number of simplifying approximations; a more detailed analysis of this problem, starting from a microscopic model of the full four-dot system, would be required to give a fully rigorous justification of this form. While such a calculation would be of great interest, it is beyond the scope of this work, where we stick to Eq. (2) as describing the inter-qubit coupling Hamiltonian as used extensively in the theoretical literature on singlettriplet qubits.
B. Expansion of evolution operator
In practice 15 , εJ i is found to be on the order of 1 300 , so we choose to approach this problem by performing a power series expansion in ε. This allows us to consider a simplified Ising interaction term of the form εJ 1 J 2 Z 1 Z 2 , since the terms −εJ 1 J 2 Z i can be absorbed into the J i Z i terms without affecting the result to first order in ε (see Eq. (19)). For convenience, we introduce the shorthand a i = h 2 i + J 2 i , and perform the expansion in the rotated frame given by:
This frame preserves the standard Pauli commutation relations for X i , Y i , and Z i . Using this notation, the Hamiltonian can be expressed as
Using the identity for the exponential of a sum of operators,
with A = a 1 X 1 + a 2 X 2 and B = (
, we can evaluate the commutators on the right side and resum the series, yielding a closed form expression for the evolution operator e −itH to first order in ε. The result we obtain is
where σ i and σ j are the rotated Pauli matrices defined by Eq. (14), and the ∆ cap i j are given by
The terms ∆
, and ∆
can be obtained by swapping the subscripts 1 and 2. We write the error in terms of sinc x = lim x →x sin x x so that the error will be well defined when a 1 − a 2 = 0. Since the rotated Pauli matrices X i , Y i , and Z i depend on the J i , which changes at different points in time, it is necessary to transform Eq. (18) back to the standard basis using Eq. (14) . The result of this substitution, which involves considerable algebra and is not particularly illuminating, is not shown for the sake of space.
We now consider the addition of charge and field noise on each qubit. If the noise varies slowly compared to the total gate implementation time (i.e., quasistatic noise, often a very reasonable approximation for semiconductor spin qubits), we can treat the noise as small, unknown shifts to the values h i and J i . Thus, the complete Hamiltonian is
We choose to work in the quasistatic noise limit, where these shifts do not directly depend on time. Thus, we will treat dh i as constant for the entire pulse sequence, and dJ i as a function solely of J i . This is generally taken to be a linear relationship due to the underlying dependence of J i on the quantum dot detuning 44 ; however, since our method is a generalization of supcode, it inherits supcode's robustness in handling different dependencies of dJ i on J i , as long as the forms of such dependencies are known and sufficiently well-behaved. In this work, we assume dJ i = α i J i for some small constant parameter α i . Expansions similar to the one above have already been performed 51 for the case of noise on a single qubit, and the presence of a second qubit will not affect the first order terms of these expansions. Additional terms of order εdh i or εdJ i will appear, but since both the strength of the coupling and the magnitude of the error are small, such terms are second order and can be ignored. Combining this with the expansion of the Ising term done above, we obtain
where the ∆ cap ij are given by Equation (18) rotated into the standard basis as discussed above and the ∆ qn i are given by
There are 27 independent error terms: the 6 components ∆ qn i each have three terms corresponding to dh n , dJ n , and ε, plus the 9 components ∆ cap ij which have only a single term each.
III. ERROR CORRECTION
In order to develop dynamically corrected rotation sequences, it is necessary to examine in general how errors from consecutive rotations are combined. To that end, let R represent an ideal rotation (with no error or crosstalk) for given values of J 1 , J 2 , and t; U the corresponding uncorrected rotation; and ∆ R the first-order error in the rotation, so that U = R(1 + ∆ R ), which has the same form as Equation (20) . We also let M = R 1 R 2 . . . R m be a sequence of m ideal rotations and ∆ M the total error of the sequence of corresponding uncorrected rotations, so that M (1 + ∆ M ) = U 1 U 2 . . . U m . We can then increase the sequence by one additional rotation using the following equation, which holds to first order in ∆ M and ∆ R :
Recursively applying this equation allows the error of an arbitrary number of gates to be combined. The result is that the total error is a modified sum of the individual errors ∆ R , where each term in the sum is rotated by the inverse of all rotations which occur before (to the right of) R as shown below:
In order to perform a corrected gate, we follow a strategy similar to the one proposed in Ref. 44 , in which a simple set of uncorrected rotations that implements the desired gate is performed, followed by a longer uncorrected identity operation which is designed to exactly cancel the first order error in the initial rotations. The error term of the initial rotation, which we will call ∆ rot , can be directly calculated from Eqs. (18) and (21) . The problem now becomes finding an uncorrected identity with an error term ∆ idt = −∆ rot , i.e., an uncorrected identity with a total error that exactly cancels the error in the initial rotation. The simplest way to do this is by introducing a family of identity operations described by a set of free parameters, writing ∆ idt in terms of these parameters, and then numerically solving the equations ∆ idt + ∆ rot = 0. Since there are 27 independent error terms, at least 27 free parameters are required to fully cancel the error.
Again following Ref. 44 , we choose to use a family of interrupted identity operations. For a single qubit, such an operation consists of a 2π rotation at one value of J interrupted by a 2π rotation at a different value of J. This second, inner 2π rotation can again be interrupted, and so forth for arbitrarily many 2π rotations. The free parameters in this family of operations include the values of J as well as the angles at which the interruptions take place. In this way, a family of identity operations which depends on any number of parameters can be generated. It is then simply a matter of extending this notion to a system of two qubits. We first address the case where h 1 = h 2 , and then discuss the subtleties which arise when h 1 and h 2 are different.
A. Identity with h1 = h2
A naïve approach to finding an interrupted identity for two qubits would be to use a different sequence of interrupted 2π rotations on each qubit. There is, however, one major problem with such a scheme: the time taken to perform a 2π rotation depends on the value of J, so the portion of the first sequence which coincides with a part of the second sequence is also dependent on the values J takes. Then, for completely arbitrary parameters, it is not possible to find a simple general expression for the total error. We illustrate this problem with an example shown in Fig. 1 . On each side is shown a pulse consisting of three 2π rotations on each qubit. In practice, these would be nested, but we use consecutive 2π rotations for the sake of this discussion. The total error would be a modified sum of the ∆ R terms using Eq. (23) . The problem is that the arguments of ∆ R themselves are different for different values of j n . For example, the term ∆ R (j 1 , j 6 ) appears on the left of Fig. 1 but not the right, and ∆ R (j 3 , j 4 ) appears on the right but not the left. Thus, while this is a perfectly valid uncorrected identity operation, in practice it would be very difficult to tune the parameters j n to cancel a given error matrix due to the difficulty of finding a closed-form expression that is valid for all choices of j n . Theoretically, this is a perfectly allowed dynamical decoupling protocol, but numerically solving for the specific values of the parameters is challenging, if not impossible.
To circumvent this problem, an identity operation for the entire two-qubit system which has tunable parameters is required. Additionally, we require that it should not be symmetric between the two qubits, since the errors accumulated on each qubit may differ. The simplest such identity operation consists of a pair of interrupted 2π rotations on one qubit, and one 4π rotation on the other, as shown in Fig. 2 . The value of j for the 4π rotation is chosen so that it takes the same amount of time as the two 2π rotations. Note that the condition h 1 = h 2 is implicitly used here, since a value of j which allows the pulses on each qubit to take the same time is not guaranteed to exist if h 1 and h 2 are not equal, as discussed in the next section. This identity operation can then be nested many times, alternating which qubit undergoes the 4π rotation and the two 2π rotations.
We 19) . We introduce the following notation in order to clearly define the nested identity operation discussed above. Let U (J 1 , J 2 , t) be an uncorrected rotation at values J 1 , and J 2 , for a time t. Also let t(j, φ) be the time required to perform a rotation by an angle of φ about the axis with the given value of j. Then, t(j, φ) is given as follows:
Since our scheme requires alternating on which qubit the two 2π rotations are performed, we define the quantity U (n) (j, j , φ) to encode this alternation. The notation corresponds to Fig. 2 , where j gives the height of a particular 2π rotation, and φ gives the angle at which the rotation is interrupted, while j is the value of the exchange coupling at which the other qubit is held during this rotation. Whether qubit 1 or 2 corresponds to j or j is given by the parity of the subscript (n), so that in terms of U (J 1 , J 2 , t) described above, U (n) (j, j , φ) can be written as
Because the total time taken to perform the two 2π rotations must equal the time required to perform the 4π rotation, the value j at which the 4π rotation is performed must depend on the values of j chosen for the two 2π rotations. Thus we define j n as the value needed in order to fulfill this condition in terms of the values j 2n−1 , j 2n , and find that j n is given as follows:
One level of the identity operation consists of four rotations, as shown in Fig. 2 . Nesting N copies of this identity, will then result in a product of 2N partial 2π rotations followed by the product of the 2N completions of these rotations in the reverse order. Thus, in terms of our previous notation, an N th level nested uncorrected identity denoted I (N ) is given by
This method can correct to first order any single qubit gate or product of single qubit gates. As a demonstration of this procedure, we provide pulse sequences for gates of the form R⊗1, where R is one of the 24 Clifford gates. To implement this method of deriving dynamical pulse sequences, we first find short uncorrected pulse sequences which implement the desired gates. Reference 45 covers this topic in great detail, and we use the equations for implementing arbitrary rotations found there, many of which have extra degrees of freedom. (We refer to Ref. 45 for the necessary technical details here.) In principle, these degrees of freedom could be added to the list of free parameters j i , φ i in the uncorrected identity operation, possibly resulting in a marginally more optimal pulse sequence. However, these extra parameters are gate dependent, and so in order to treat all gates identically, we make arbitrary choices for these parameters, giving preference to choices which have low values of J 1 or J 2 , since the strength of the capacitive coupling is proportional to J 1 and J 2 . During this initial rotation sequence, which is performed on qubit 1, we perform a single uncorrected 2nπ rotation at constant J 2 on the qubit 2, with J 2 and n chosen so that the total time of the initial pulse sequence and the 2nπ rotation are the same.
After calculating the error ∆ rot using Equations (18) and (21), we construct an uncorrected identity of the form given in Equation (27) . Since 27 parameters are needed, at least a level 7 uncorrected identity is required; however, we have used a level 9 identity in order to introduce extra parameters, which helps the numerical methods used to solve the equations converge more quickly and consistently. In particular, we minimize the norm of the sum ∆ rot + ∆ idt . A local minimization technique is used which requires initial values for the parameters, and a poor choice of these values can cause the method to converge to a local minimum not equal to zero. We find that choosing j i to have magnitudes alternating between large (j 2n−1 > h) and small (j 2n < h), and choosing φ i close to π generally give good results. We leave some room for variation, pseudorandomly generate many sets of values of j i and φ i , and use for the set of initial values the one which gives the smallest norm of ∆ rot + ∆ idt . During this minimization, we require that j min ≤ j i ≤ j max , with j min and j max equal to 1 30 h and 30h, respectively. These values have been chosen to approximate current experimental capabilities 52 . Our method works with tighter constraints, though a higher level identity (longer pulse) may be required to find a solution.
B. Constraints with h1 = h2
We now address the case where h 1 and h 2 differ by a known amount ∆h greater than dh 1 , dh 2 , so that terms second order in ∆h cannot be ignored (if ∆h 1, then we can simply treat h 1 = h 2 and let ∆h be absorbed into the dh 1 and dh 2 error terms). We can use a similar method as in subsection A above, with Equations (24)-(26) becoming
(31) Here, parentheses (n) in the subscript denote that only the parity of n is important and not its value.
The difficulty lies in ensuring that all values of j i and j i are bounded between j min and j max . When h 1 = h 2 , the constraints j min ≤ j i ≤ j max automatically enforce j min ≤ j ≤ j max ; however, when h 1 = h 2 , additional constraints are needed. We approach this problem by noticing that Eq. (31) is symmetric between j 2n−1 and j 2n . This initially motivates us to require that the constraints on j 2n−1 and j 2n be identical as well. This simplifies the initial calculations, but we also address allowing asymmetric constraints between j 2n−1 and j 2n . Solving Eqs. (29) and (31) along with the inequality, j min ≤ j ≤ j max , we find the following constraints on j i :
In practice, j max h 1 , h 2 , so the maximum j 2 max − h 2 (n) + h 2 (n+1) ≈ j max , and thus can be ignored. The minimum is also ignored when −h 2 (n) + h 2 (n+1) < 0, since j i ≥ j min fulfills this inequality also. This occurs for all odd or even n depending on whether h 1 or h 2 is larger. Using this additional constraint, the same process described above is used to find a pulse sequence, though a longer pulse may be necessary due to the tighter constraints.
Since the pulse sequences we find generally consist of values j i alternating between large and small (due to our choice of starting values during the minimization process), it is natural to consider allowing j 2n ≥ j min and deriving the minimum constraint on j 2n−1 , which yields
(33) Assuming j min h 1 , h 2 , this simplifies to
This approach is only valid for h (n+1) < 2h (n) . For differences greater than this, a different choice of uncorrected identity is needed, which, although possible, is beyond the scope of the current work.
C. Results
Parameters for the corrected pulse sequences for the 24 Clifford gates for the case where h 1 = h 2 = 1 are given in Appendix A. We have also considered the simple situation in which, rather than setting dJ i = α i J i , with α i a small constant, we simply let dJ i be constant for 
and the bottom portions give the parameters j i and φ i for the uncorrected identity I (9) given by Equation (27) . As an example, we plot the error-corrected pulse sequence for the gate e To precisely quantitatively calculate the fidelity of the dynamically corrected gate operations using our pulse sequences starting with given error sets, a detailed randomized benchmarking analysis is necessary. Such a randomized benchmarking analysis, which is better done in connection with the actual experimental work implementing our pulse sequences in the ST qubit gate operations, is well beyond the scope of the current work. However, it is easy to show that the errors in the sequences we found are second order in dh i , α i , and ε, given that these values are constant, i.e., these sequences correct noiseand crosstalk-induced error to leading order. For a given pulse sequence and a set of values dh i , α i , and ε, we can evaluate e −itH for each rotation in the pulse sequence using the full Hamiltonian with errors given in Equation (19) . By combining these rotations with error and comparing to the ideal rotation, the total error of the pulse sequence, ∆ P (dh i , α i , ε), can be determined for the given values of dh i , α i , and ε. Taking the norm of ∆ P , defined as |∆ P | = Tr ∆ † P ∆ P , we have measure of the error of a given pulse sequence. For each sequence, we generate many sets of values dh i , α i , and ε, and plot |∆ P | against the norm of dh 1 , dh 2 , α 1 , α 2 , ε , and find that the total error is clearly second order in dh i , α i , and ε. We show an example of such a plot, in this case for the gate e −i 2 X+Y √ 2 π , in Figure 4 . We generate plots like this for all 24 pulses and find that they are qualitatively identical to the one shown. As can be seen from Figure 4 , an initial error of 10 −3 can be corrected by two or three orders of magnitude by our pulse sequence whereas the corresponding error correction for starting errors of 10 −1 is more modest (in the range of one order of magnitude or less). A full randomized benchmarking analysis is likely to give numbers close to these direct estimates based on specific pulse sequences. If the uncorrected system has a fidelity of 95%, our dynamical decoupling scheme should be able to improve the fidelity to well above 99%, but a starting fidelity of 90% may be too low for our scheme to improve it above 99%. It is also important to note that although our scheme corrects quite well against correlated errors, if the system is dominated by white noise or uncorrelated errors, uncorrected pulses are still favorable. Notably this sets limits on the minimum precision needed to implement the corrected gates. In particular, a precision of at least 0.1% for each of the parameters is needed in order for the corrected pulses to offer an advantage over the uncorrected gates.
IV. CONCLUSION
We have addressed the issue of crosstalk between two capacitively coupled singlet-triplet qubits. While such a coupling is necessary to perform multiqubit operations, it also has a detrimental effect on single-qubit operationsit causes unintentional rotation of the other qubit(s), and also causes errors in the intentional rotation of the qubit under consideration. As a result, it is crucial to develop a method for correcting for not only noise-induced error, but for crosstalk-induced error as well. Our proposed dynamical decoupling scheme does this precisely. Our method is a generalization of the supcode technique of Refs. 43, 44, and 45. We first perform our naïve pulse sequence for implementing a given single-qubit gate, followed by an uncorrected identity operation with its parameters arranged in such a way as to cancel the effects of noise and crosstalk to leading order. Unlike in the singlequbit case already considered in the literature, the case of two capacitively-coupled qubits provides additional challenges. Because of the fact that the capacitive coupling is proportional to the exchange couplings of the two qubits, we cannot make these couplings too large, lest we make the capacitive coupling, and thus the crosstalk, large as well. We must also ensure that the pulse sequences applied to each qubit take the same amount of time to complete. Our method for implementing the uncorrected identity, in which we divide the identity into segments within which one qubit is subject to two pulses and the other to just one of identical duration, allows us to address both of these issues. We provide an analysis of one of the pulse sequences that results from this procedure, namely, that of a rotation by π about theˆ x +ˆ y axis, and also provide parameters for all 24 of the Clifford gates used in randomized benchmarking simulations in the Appendix. We also show that these pulses, as claimed, do indeed cancel the error in the naïve pulse sequences to leading order by plotting the error as a function of the noise and crosstalk strength. Throughout, we assume upper and lower bounds on the exchange couplings that approximate experimental constraints.
All of the results that we provide assume that the magnetic field gradient on the two qubits is the same for both. It is entirely possible for the gradients to differ. While our sequences can correct for small variations due to imperfections in fabrication of the micromagnets or polarization of the nuclei used to realize the gradients (we simply add them to the error terms), we do not derive results for cases in which the difference in the gradient between the two qubits is significant, whether by design or by accident. We have, however, provided some discussion of this case; we showed that additional complications arise, in the form of tighter constraints on the allowed exchange coupling strengths than we would expect entirely from experimental constraints. We also note that, throughout this work, we assumed that the noise in the system is quasistatic. While this is often a good approximation 19 , the noise in actual experimental systems is known to follow a power-law spectrum 16, 53 (1/f α ). We see, however, from the previous work 44, 45 that, even in this scenario, similar approaches to that which we adopt here to combat the effects of noise still result in noticeable improvement in gate fidelities. We thus expect similar results for the capacitively-coupled qubits considered here.
We also note that capacitive coupling is not the only type of coupling that can be realized between two singlettriplet qubits. Exchange coupling is another type of coupling that can exist; we simply couple one quantum dot from one qubit to a quantum dot in the other qubit using a Heisenberg exchange interaction. This can be realized experimentally using a four-quantum-dot device operated as two singlet-triplet qubits, with the "middle" potential barrier used to control the exchange coupling between the qubits. This offers two advantages, but also a drawback. First of all, this type of coupling enables us to control the coupling of the qubits independently of the intra-qubit exchange couplings, unlike capacitive coupling, which depends on the intra-qubit exchange couplings. Second of all, it is compatible with the barrier, or symmetric, control scheme demonstrated in Ref. 19 , which results in an order of magnitude less charge noise than tilt control. Realizing the capacitive coupling studied in this work, on the other hand, requires us to tilt the potential profile in order to produce the electric dipole moments needed. Therefore, we expect that a putative set of dynamically corrected pulse sequences for implementing single-qubit gates on exchange-coupled singlet-triplet qubits would avoid a number of the issues that arise with capacitively coupled qubits; we would no longer be required to use tilt control, thus allowing us to mitigate the effects of charge noise, and we would be able to use faster pulses. However, the disadvantage is that exchange coupling introduces yet another source of error beyond crosstalk, namely, leakage errors. It is possible for this coupling to take the qubits out of their logical subspace; for example, it could leave one qubit in the |↑↑ state and the other in the |↓↓ state. This would present an additional challenge to overcome in developing dynamically corrected pulse sequences for such a system. While a study of error correction in exchange-coupled singlet-triplet qubits would be interesting, it is beyond the scope of this work. In the end, whether capacitive coupling or exchange coupling is a better avenue for future progress in ST qubits depends quite a bit not only on the details of the noise and crosstalk in the systems, but also on the experimental ability to control the leakage error. We mention in this context that the capacitively coupled ST qubits are the only semiconductor spin qubit systems to have demonstrated two-qubit gate controlled operations, leading to our decision to study the ST qubits in depth in this work.
In conclusion, we have developed detailed dynamical decoupling pulse sequences for suppressing crosstalk and noise errors in capacitively coupled singlet-triplet spin qubits and have explicitly demonstrated their efficacy by showing that the corrected sequences manifest orders of magnitude lower errors than the naïve uncorrected sequences.
Axis Identity TABLE II : Parameters for the dynamically-corrected z rotations by π and 3π/2, and for the rotations byˆ x ±ˆ y,ˆ x ±ˆ z, and y ±ˆ z. 
